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Abstract. This paper presents a survey of the use of resolution in propositional
satisfiability, and some preliminary results from the implementation of a hybrid
resolution and search algorithm for SAT.

1 Introduction

Davis-Putnam (DP) was the first practical complete algorithm for solving propositional
satisfiability (SAT) problems [5]. DP uses resolution to determine whether a SAT prob-
lem instance is satisfiable. However, resolution is not always practical, as it can use
exponential space and time. The most important refinement to DP was DLL [4], which
replaced the resolution in DP with splitting (backtracking search). Backtracking search
still uses exponential time for SAT in the worst case, but only needs linear space. As
time is more readily available than space, the change to search was a big improvement.

Since then, backtracking search has been used almost exclusively for complete SAT
solvers [7]. In this paper we present some preliminary results of an investigation into
the use of resolution in a SAT solver. These results are in the context of complete SAT
algorithms, rather than local search algorithms. Complete algorithms always determine
whether a problem instance is satisfiable. Using resolution in conjunction with search
can perform better than pure search on some problems. In particular, structured prob-
lems are more likely to benefit from adding resolution to search, as it is more likely that
useful inferences will be available in a structured problem.

2 Propositional satisfiability problem

The propositional satisfiability problem was the first NP-complete problem to be identi-
fied [3]. Any other NP-complete problem is reducible to SAT in polynomial time, which
means among other things that improvements in the performance of SAT algorithms are
useful in a number of other fields.

Some reductions into SAT that are competitive with domain-specific solvers include
planning [10, 11], symbolic model checking [1], quasigroup completion problems, and
hardware modelling [6].

SAT is defined as follows: given a propositional formula, is there an assignment of
truth values to the propositions such that the formula is satisfied? SAT problems are



typically given in conjunctive normal form. For example, given the satisfiable instance
in Table 1, a satisfying assignmentiis= true, b = false, ¢ = false.

Obviously, not all SAT problems are satisfiable. For example, the second formula in
Table 1 is unsatisfiable, because there is no possible assignment of values to variables
that satisfies every clause in the formula. Note that this is an example of a 3-SAT prob-
lem, as there are exactly three variables per clause. In gehe8&T problems involve
k variables per clause.

Satisfiable instance Unsatisfiable instance
aVbV-c aVbVe
—a V —b aVbV-c
bV —c aV-bVe
aV bV —c
—aVbVce
—aVbV-ec
—aV -=bVe
—aV —bV —c

Table 1. Two propositional formulae

2.1 Algorithms for SAT

DP and DLL are very similar procedures (see Figures 1 and 2). The difference between
them is that DP uses resolution while DLL uses splitting. Splitting is assigning a value
to a proposition, and then calling DLL on the formula as modified by the assignment.

For example, in the unsatisfiable formula given in Table 1, making the assignment
a = true would satisfy the first four clauses. Those clauses can then be removed from
the formula, the-a’s removed from the remaining four clauses, and the modified for-
mula(b Vv ¢) A (bV =) A(=bV e) A (=bV —c) passed to DLL for a further step in the
search process.

procedure DP(X)
if {} € X thenreturn false
if X = {} thenreturntrue
if {I} € X thenreturn DPE[l/true])
[ := choose a literal i
return DP(X A D) V (X A 1))

Fig. 1. The DP algorithm for propositional satisfiability.

The most common extension to DLL is the addition of a branching heuristic. Branch-
ing heuristics select the next variable to split on, and also determine whether a true or



procedure DLL(X)

if {} € X thenreturnfalse

if X = {} thenreturntrue

if {i{} € X thenreturn DLL(X[I/true])

[ := choose a literal in2

v := choose a value fdrin {true, false}
if DLL(X'[I/v]) then returntrue
elsereturn DLL(X[l/—wv])

Fig. 2. The DLL algorithm for propositional satisfiability.

false assignment should be tried first. In Figure 2, the branching heuristic is the state-
ments:

[ := choose a literal i~
v := choose a value fdrin {true, false}

The choice of branching heuristic is an extremely important part of a DP imple-
mentation [8], because a correct decision at each node in the search tree will result in
a backtrack-free search. However, as SAT is in NP, there will be an exponential worst
case problem instance for any heuristic (assumingRhgtNP).

2.2 Resolution in SAT solvers

Unit resolution is used in every complete SAT solver, as it is extremely effective. Typ-
ically many more unit resolutions than splits (variable assignments) are used in testing
the satisfiability of a problem instance. Unit resolution is included in both DP and DLL
(the statemenit {I} € X thenreturn p&[l/truel)).

Cha and lwama [2] describe the use of resolution in local search. Whenever their
local search procedure (ANC) reaches a local minima, the procedure searches resolves
on neighbouringclauses. The resolution algorithm is defined in Figure 3. Two clauses
are neighbouring iff they differ by the sign of exactly one literal (for example;bV ¢
anda V —bV —c are neighbours by this definition, whidev —bV c anda VvV bV d are not).

After adding the resolvent clauses \( —b for this example), the local search process

is restarted, with the intention being that the added clauses will guide the search on
a different path that avoids getting stuck in the same local minima as before. Their

empirical analysis suggests that this method of adding clauses is significantly faster
than a similar method that simply increases the weights of the unsatisfied clauses at the
minima.

Rish and Dechter [15] compare the use of ordered resolution and backtracking
search for complete SAT solving on a number of different SAT problems. They also de-
scribe a heuristic, based on the induced width of the problem, which they used to decide
when to use resolution. They present both theoretical and empirical results comparing
the search and resolution, and suggest several hybrid algorithms which demonstrate the
value of combining resolution and complete search. They also confirmed that resolution
is more useful on structured problems than on random problems.



procedure ANC(X)
U := all currently unsatisfied clauses ki at the local minima
for eachclauseu € U
for each clausen € X' s.t.n differs fromw by the sign of exactly one literal
r := the resolvent ofi andu
Y =XUr

Fig. 3. The ANC resolution algorithm

3 Neighbourhood resolution in complete search

We have implemented a hybrid resolution and backtracking search procedure, similar
to Cha’s ANC local search procedure, in order to investigate the use of neighbourhood
resolution in a complete SAT procedure. At each node in the search tree, our solver
determines whether any neighbouring clauses exist given the current assignment. If
neighbours do exist, it uses a heuristic do decide whether to resolve (currently we use a
random heuristic that randomly returns true 10% of the time).

The solver is written in C, and was designed to be easy to modify so that additional
features, such as neighbourhood resolution, can be added. Some optimisation has been
carried out by profiling the solver on a real problem, determining from the profile which
functions consume most of the running time, and modifying the function in question by
precalculating as much as possible (either at the start of the search or during assign-
ment).

4 Preliminary results

These results are preliminary and not comprehensive, so there is no guarantee that they
are representative. Our SAT solver is not fully optimised, and so the metrics are not
comparable to existing solvers. In particular, slow run times have limited the choice of
problems that we have been able to test so far.

4.1 (k, m)-tree embeddings

To generate structured problems, we usé#,an)-tree embeddings problem generator
(kindly supplied by Irina Rish and described in [15]). This generates instances by pro-
ducing SAT mappings of randomly generated clique-chain structures. The generated
instances are intended to have properties common to real-life problem instances, and
have the advantage of being able to control the generation parameters. This allows us
to generate structured instances that can still be solved in a reasonable amount of time.
On trivial instances resolution provides no advantage. However, on some more dif-
ficult problem instances, the neighbourhood resolution shows a clear improvement over
pure search. For example, on one instance defindgd £y8, m = 12, 50 cliques per
tree, 34 clauses per clique, 3 literals per clause, and a positive literal probabilify, of
the two algorithms produced the metrics shown in Table 2.



Search | Neighbourhood resolution

Time | 9.39 seconds 6.32 seconds

Nodes | 108 214 1779

Unit propagations | 92 591 1432
Backtracks | 7 742 53
Resolutions | n/a 24

Table 2. Performance metrics fdik, m)-tree embeddings problem instance

The main reason why the decrease in time is not proportional to the reduced number
of search nodes is that the resolution code is unoptimised. However, the decreases in
the number of search nodes and backtracks are very promising.

4.2 SATLIB problems

We have started testing the neighbourhood resolution code on some SATLIB [9] prob-
lem instances.

On instances 6 and 7 of the DIMACS pigeonhole problems, there is no differ-
ence between the pure search and resolution code, as the resolution code does not find
any resolutions to perform. Similarly, on the DIMACS parity checking problems and
SATLIB uniform random problems that we have tested so far, the resolution code fails
to find any resolutions to perform.

These results suggest that either the random heuristic used to decide when neigh-
bourhood resolution is appropriate needs to be changed, or the definition of neighbour-
hood needs to be relaxed for some problem classes.

5 Future work

Our aim is to extend this work in the following ways:

1. General improvements to the SAT solver code. The main aim of the improvements
will be to increase the performance of the code, in order to make running time
comparisons with other SAT solvers possible. Particular areas of the solver that
can be improved are the calculation of heuristics, the addition of a value ordering
heuristic, and the addition of the pure literal rule.

2. Improvements to the neighbourhood resolution code. Currently, the neighbourhood
resolution is implemented very simply. There are a number of possible optimisa-
tions that could be applied, especially to the search for neighbouring clauses. In
general, we want to apply the same principle to optimising the resolution code as
we did to optimising the backtracking code: that is, by precomputing as much as
possible, either before starting the procedure or during assignment.

We also intend to explore better heuristics for deciding when to perform resolution.
Currently, a random heuristic is used so that resolution is carried out about once
every ten search nodes (if a resolution is possible at that node).



Finally, a heuristic is needed to choose between several possible resolutions when
more than one resolution is possible. For example, resolutions that generate short
clauses (e.g. unit clauses) should be preferred over other resolutions.

3. ldentify favourable structural features. We expect that some problems will prove to
be more suited to the use of inference because of structural features of the problem
class. By carrying out testing to identify problem instances for which inference
improves performance, and analysis of the problem classes to identify the relevant
features, we hope to be able to classify other problem instances using those features
in order to make a decision on whether inference will be worthwhile.

4. Investigate other forms of resolution and inference. For example, conflict analysis
(or nogood learning) is a very useful technique for many problems [12, 14]. It is
used in both GRASP [13] and SATO [16], which appear to be the fastest publicly
available SAT solvers. Conflict analysis is a form of inference, and we want to com-
pare conflict analysis and resolution to see if they are useful on the same problems,
and if so whether they are orthogonal to each other.

6 Conclusions

Using resolution in conjunction with search seems to be show some promise. On cer-
tain problems, resolution can provide dramatic improvements in performance over pure
backtracking search, in terms of both the number of search nodes explored and run-
time used. Further work needs to be carried out to determine whether the performance
increases observed are representative of the problem types, and to extend the work to
compare neighbourhood resolution with other similar methods.
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